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a b s t r a c t
Riemann’s conjecture is understood as a consequence of the dσ /dtσ -fractional order
differential dynamics which seeds a constructive approach to the zeta function. A
morphism between different representations of the dynamics reveals a hidden correlation
between a phase angleψ0(σ ) = (pi/2)(1− σ) introduced by the real term of the power σ
and the complex part θ .
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1. Introduction
In the huge amount of scientific work by Euler in 1737, we find the following relation
∑∞
n=1
1
ns =
∏
p prime
ps
ps−1 , for real
s > 1, where the product is taken over all prime numbers. In 1859, Riemann published a short revolutionary note [1,2]
introducing the function ζ (s) by 1
ζ (s) =
∑∞
n=1
µ(n)
ns , where s > 0 (µ is the Möbius function, µ(1) = 1 and µ(n) = (−1)k if n
is the product of k different prime numbers, andµ(n) = 0 in other cases). He assumed that non-trivial zeros of ζ are located
on the straight line given by s = σ + iθ with σ = 1/2. The physical meaning of this conjecture, as well as the mathematical
arguments supporting the general assumption [3–7] remains unknown, in spite of Siegel’s historical studies [3], and Weil’s
resolution of Riemann’s conjecture in a finite field [4].
The conjectural relation between fractal geometry [8] and the zeta function was addressed for a decade [9–11], but the
reference to a relation with fractional dynamics seems to be addressed by the authors, since the ‘‘Fractional differentiation
and its applications’’ held in Porto in 2006 [10]. According to [10], the key to the understanding of Riemann’s conjecture is
related to a topological partial morphism between the Riemann zeta function and the Non-Integer Differential Operators
(NIDO).
In this note, we develop a constructive approach aiming at the physical understanding of Riemann’s conjecture as
originated from a phase angle surreptitiously hidden inside the real terms of the Riemann integer series when this series is
related to the NIDO operator. The related automorphism tiles a punctuated torus characterized by an angle at infinity [12,
13]. This angle could be the key physical factor to the explanation of Riemann’s conjecture.
The origin of the present work [12–14,20] is an analogy between the pinning of the σ value on the fraction 1/2 and the
pinning of the phase angle on the value ϕ = ±pi/4, for any dynamics which is under the control of a 1/2-order Differential
Equation [8–10] that is a stochastic process parallel to a linear potential (1/2 Fractance concept [12]).
Our analysis will be carried out in three major steps:
(1) First assertion:We can build two classes of η(s) = (1−21−s)ζ (s) functions with 0 < s < 1 from the parameterization
of the class of Cole and Cole transfer functions [12,13,20] with σ = 1/d and s(σ , θ) = σ + iθ within the set of natural
numbers N. The geometrical meaning of this function is a given sum of ‘hyperbolic like distances’ over the automorphism
geodesics of the opened punctuated torus with an angle at infinity equal toψ0(σ ). The complex factor of s, θ is an arbitrary
and external factor with respect to the hyperbolic dynamics. It introduces a conform transformation without any feedback
on scaling properties.
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Table 1
Constructive approach to the Riemann function from hyperbolic distances. Both functions η are related to the Riemann function according to ζ (s)→ =
ζ (s)↓ = (1− 21−s)η↓(s) = (1− 21−s)η→(s), [3,4]. We can say that eta and zeta functions are ‘‘constructible’’.
1/δ→l = (1/ω)1/d δ→r = (1/n)(1/d) 1/δ↓r = (1/ω)(1/D) δ→l = (1/n)(1/D) Multiplication
(1/ω)iθ niθ (1/ω)iθ niθ Parameterization
1/∆→l = (1/ω)s1 ∆→r = (n)s1 1/∆↓r = (1/ω)s2 ∆↓l = (n)s2 New complex ‘distance’
1/ξ0(s1)→ =∑∞
n=1 (1/ω)
s1
λ0(s1)→ =∑∞n=1 (n)s1 1/ξ0(s2)→ =∑∞
n=1 (1/ω)
s1
λ0(s2)↓ =∑∞n=1 (n)s2 Summation over integer values
η(s1) =∑∞n=1 (−1)n+1(n)s1 η(s1) =∑∞n=1 (−1)n+1(n)s1 η(s2) =∑∞n=1 (−1)n+1(n)s2 η(s2) =∑∞n=1 (−1)n+1(n)s2 Convergence for
0 < Re(sk) < 1
5
4
3
Fig. 1. For both dimensions σ = 1/d and 1 − σ = 1/d, the diagram shows the relationship between the fractional dynamics represented in the
complex plan, the ‘hyperbolic fractal like distances’ u/v, which can be related to the real term of the series of eta functions [12,13,17–19]. $ = 1/νc .
The complex factor iσ 6= i1−σ is pointed out to show the role of the phase angle of the dynamics. Each term of the eta function can be written in two forms
(1/n) = (u/v)1/σ , that is, (1/n)σ+iθ = (u/v)1+(iθ/σ) . Riemann’s conjecture reveals that both arcs overlapped and that the phase angle must be pi/4.
(2) Second assertion: The functional relation linking ζ (s) and ζ (1 − s) : ζ (s) = ζ (1 − s)2s [pi s−1 sin (pis2 )Γ (1− s)]
is related to an internal Laplace transform linking the scaled dynamics. This is due to the power law form of the Laplace
transform of a power law dynamic function (Table 1).
(3) Third assertion: Identification of the zero of the Riemann zeta function (or eta function) with another function,
characterized by a phase angle ψ0(σ ) coupling both variables σ and θ .
Let us consider assertion 1, the well known data about fractional dynamics associated with geodesics on an opened
punctuated torus [13,14,20]. We call the Cole and Cole transfer function in a fractal interface with a non-integer
dimension [16,17] a function Z [12–14]:
Zψ0,R(ω, νc) =
R
1+ sg(ω) [iωνc ]1/d
= R
1+ sg(ω) [ωνc ]1/d e−iψ0(1/d)
.
sg is the function defined on R by sg(ω) = −1 if ω < 0, sg(0) = 0 and sg(ω) = 1 if ω > 0. These functions can easily be
represented in the complex plane as arcs of circles (Fig. 1).
In the complex plane, these arcs reveal a 1/d hyperbolic geodesic Zψ0,R(ω, νc). They point out that the centres are located
out of the abscissa axis [12,13]. Each arc is associated with a fractional differential equation based on any intensive U(n) and
extensive I(n) thermodynamic variables:
(νc)
1/d d
1/d
dt1/d
[U(t)] = Z0I(t)− U(t)
where ω is the Fourier transform of a time variable n, which parameterizes and discretizes the dynamics, and ψ0 =
pi
2
(
1− 1d
)
is the pinned phase angle giving the azimuth of the centre of the arc (Fig. 1).
These arcs can be distributed into four classes with indices l (left) and r (right) according to the position of the frequency
with respect to the characteristic frequency $ = 1 that is a horizontal position (→) for ω > 0 or a vertical position (↓)
for ω < 0. We consider both located on the same circle as shown in Fig. 2, and according to these hypotheses, all formulas
given below are true.
δ→r =
u
v
= (1/ωi)σ , δ↓l =
u
v
= (1/ωi)1−σ
δ→l =
v
u
= (1/n)σ , δ↓r =
v
u
= (1/n)1−σ .
Let us observe assertion 2. We can consider a function µ(σ , n) = 1nσ in such a way that, under the condition of
a right normalisation of the frequency each part of the arcs is related to the other through a Laplace Transform TL :
TLn→ [µ(σ , n)] (ω) = Γ (1−σ)n1−σ . The Laplace transform allows a morphism between point N(n) and point N(ω). Starting from
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Fig. 2. Illustration of the relationship between the Zψ0,R function and the eta function when σ ≤ 1/2 and σ ≥ 1/2. Each transfer function is related to a
specific eta function.
this point (assertion 1) we can see that the functions η(s) are constructed step by step from the definition of hyperbolic
distance (step 1), the complex parameterization of this distance using a multiplication with a complex function of free θ
phase angle (step 2), and finally via the building of two ‘finite summated distances’ λ in the natural number set (step 3 & 4).
We write s1 = (1/d)(1+ diθ) = σ + iθ and s2 = (1/D)(1− Diθ) = (1− σ − iθ). This construction points out symmetries
with respect to the critical extrema related to parameter$ .
More extensively, we can build step by step different eta generalized functions modified by using the natural phase
rotation eiψ0(σ ) or eiψ0(1−σ) and symmetry frequency with respect to the unity. The construction is given in Fig. 2. In this
figure we show four types of transfer like functions Zψ0,R(ω, νc) : Zψ0(σ ),R(ω, νc) for ω > 0; Zˆψ0(σ ),R(ω, νc) for ω < 0;
Zψ0(1−σ),R(ω, νc) for ω > 0 and Zˆψ0(1−σ),R(ω, νc) for ω < 0. We observe Fig. 2 a symmetry with respect to the straight line
with anglepi/4 noted by the arrow↑ between Z and Zˆ . According to the definition of the eta functions, each transfer function
is related to one of the four related eta functions and then to one of the four symmetric terms of the group of Riemann zeta
functions: ζ (s), ζ (1− s), ζ (s¯), ζ (1− s¯).
The key factor to explain Riemann’s conjecture from Non-Integer Differential Operators’ point of view, is to consider the
u/v hyperbolic like distance on both complementary arcs of the circle which seed both η(s) and η(1− s) functions or more
easily η(s) and η(1− s¯) (for instance you can take as starting point Fig. 1 to obtain Fig. 2).
In the frame of a physical interpretation, there is a dynamicmorphismbetween transfer functionswith differentσ factors
and then there is a morphism between complementary eta series. All zero seeds from σ transfer functions are also zeros
able to seed on complementary 1−σ eta series. Obviously, in this case, the frequencies are nomore integer and omegamust
be written as ω1−σ (n), with n being considered on the arc with the σ parameter. The zeros are therefore obtained through
two kinds of discretized dynamics.
The demonstration is the following: The zero of eta function obtained by application from
[
Zψ0(σ )(n); θ
] →
Zψ0(1−σ) [ω1−σ (n)] using u/v to scale both transfer function, is related to two distributions of frequencies and especially
a new one ω(n) on Zψ(1−σ)(n):
[
Zψ(1−σ) [ω1−σ (n)] ; θ
]→ η(σ , θ) = 0. This zero is dynamically ‘different’ from the natural
zero obtained for the same θ if parameterization is based on the integer:
[
Zψ(1−σ)(n); θ
]→ η(1−σ , θ) = 0. To explain this
property wemay observed that, θ being a simple parameter, the natural construction of the eta function, dependsmainly on
the value of the σ . Let us consider the natural zeros in such way that
[
Zψ0(σ )(n); θ
]→ η(σ , θ) = 0 and [Zψ0(1−σ)(n); θ]→
η(1 − σ , θ) = 0. Due to the fact that eta function can be written from u/v under the form η(s) = ∑∞n=1 (−1)n+1(u(n)/v(n))(iθ/σ)+1 ,
each point of transfer function can be defined by a certain value of u/v,
[
Zψ0(σ )(n); θ
]→ η(σ , θ) = 0, the same zero can be
obtained from the complementary transfer function:
[
Zψ0(1−σ) [ω1−σ (n)] ; θ
] → η(σ , θ) = 0. It corresponds to a defined
location of a non-integer frequencies on the representation of
[
Zψ0(1−σ) [ω1−σ (n)] ; θ
]
. The duplication of the ways to obtain
zero is a simple result of the constructibility of eta series from the transfer function. Nevertheless this duplication addresses
analytic contradictions.
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This contradiction can be considered in the following way: whatever u/v, the σand θ values, and ω1−σ (n), 0 = η(s) =∑∞
n=1
(−1)n+1
(u(n)/v(n))(iθ/σ)+1 =
∑∞
n=1
(−1)n+1
(u(n)/v(n))(iθ/1−σ)+1 , with exactly the same ratio u(n)/v(n), but with two kinds of dynamics,
one of them being integer, another non-integer.
Such equivalence is contradictory because themorphismω1−σ (n) is continuouswith respect to sigma and rises a discrete
set of lines of zeros in the complex planwith θ as the sole parameter. The only solution to solve this contradiction is to reduce
the application ω1−σ (n) as identity which is to write σ = 1/2. It is precisely Riemann’s conjecture.
2. Conclusion
This note relates Riemann’s conjuncture to the non-integer fractal dynamics geodesic (arc of a circle) easily drawn in
the complex plane [18,19]. These geodesics seeding the construction of eta functions help us to understand Riemann’s
conjecture. The constructive method, plunges the problem in an enlarged projective complex geometry characterized by
an angle at infinityψ0(σ )which is coupled with the angle of rotation θ . The associated topology is a punctuated torus with
an angle at infinity [15,20]. The requirements concerning the respect of the symmetry even at infinity and the existence of a
continuous morphismwith parameter sigma between different dynamics seeding the construction of the same eta function
even when eta is equal zero, rise the only solution compatible with the Riemann definition of zeta functions: σ = 1/2. This
analysis gives a physical explanation of Riemann’s conjecture: the sigma underlying fractal dynamics is constraint by the
integer set of the zeta series and the singularity of the zeros.
The importance of the Riemann zeta function in the determination of the stability of the particles in quantummechanics
originates from the fact that the equations of the quantum mechanics look like diffusion equations and therefore can be
written from a coupled 1/2 differential equation, with the the zeros satisfying the Riemann constraints to impart to the
Hamiltonian its traditional quadratic form.
The absence of the zero function outside the straight line is confirmed by the Laplace transform (no possible
equivalence in power law of the dynamics to the power law 1/2). The well known proportionality factor η(s) = η(1 −
s)2s
[
pi s−1 sin
(
pis
2
)
Γ (1− s)] 1−21−s1−2s is conjectured to originate from the coupling and the normalisation of both transfer
functions Zψ(σ),R(n) and Zψ(1−σ),R′(n).
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